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Plane strain indentation of a single crystal by a rigid wedge is analyzed using discrete
dislocation plasticity. We consider two wedge geometries having different sharpness,
as specified by the half-angle of the indenter:   70° and 85°. The dislocations are
all of edge character and modeled as line singularities in a linear elastic material. The
crystal has initial sources and obstacles randomly distributed over three slip systems.
The lattice resistance to dislocation motion, dislocation nucleation, dislocation
interaction with obstacles, and dislocation annihilation are incorporated through a set
of constitutive rules. Several definitions of the contact area (contact length in plane
strain) are used to illustrate the sensitivity of the hardness value in the submicron
indentation regime to the definition of contact area. The size dependence of the
indentation hardness is found to be sensitive to the definition of contact area used and
to depend on the wedge half-angle. For a relatively sharp indenter, with a half-angle of
70°, an indentation size effect is not obtained when the contact area is small and when
the hardness is based on the actual contact length, while there does appear to be a size
effect for some hardness values based on other measures of contact length.
I. INTRODUCTION
Indentation is commonly used for measuring material
properties such as Young’s modulus and hardness. At a
sufficiently small scale, the indentation hardness can be
size dependent,1–4 which is not predicted by classical
continuum plasticity. Various frameworks have been
used to model indentation size effects, such as molecular
dynamics,5 strain gradient plasticity,6–9 and dislocation
dynamics.10–14 Discrete dislocation plasticity is well-
suited for modeling the deformation of crystalline solids
in the submicrometer scale regime. It thus provides a
framework for analyzing phenomena between the na-
noindentation and the size-independent continuum re-
gimes.
The key parameter to extract from indentation tests in
plastically deforming solids is the hardness or the mean
indentation pressure, i.e., the ratio between indentation
force and contact area. While the contact area is difficult
to measure experimentally, Oliver and Pharr15 devised a
method for sharp indenters, which makes use of the un-
loading stiffness to infer the actual contact area. This
approach has become the standard in nano- and micro-
scale indentation.4,16 It is based on the geometric self-
similarity of sharp indenters, a well-known square-root
scaling law for the contact stiffness of three-dimensional
(3D) indenters and the assumption that sink-in is purely
elastic. Even though such a scaling law does not exist for
two-dimensional (2D) wedge indentation, recent discrete
dislocation studies14 have indicated that the Oliver–Pharr
procedure can be used to estimate the contact area (in two
dimensions, the contact length times a unit thickness),
even when unloading is not purely elastic. It was also
found in this study that the contact length determined
from the computation was smaller than the one estimated
using the Oliver–Pharr procedure.
Because plastic slip is a discrete event, dislocation
plasticity under the indenter can give rise to the devel-
opment of a rough surface having patches under the
indenter where there is no traction transmitted between
the indenter and the material. When contact is defined
as the region where traction is being transmitted, these
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traction-free patches reduce the actual contact area.
Hence, there are a variety of possible quantities that can
be used as a measure of contact area: (i) the nominal
contact area obtained by projection, (ii) the measure of
contact area according to the Oliver–Pharr procedure,
(iii) the smooth-surface contact area, and (iv) the contact
area accounting for surface roughness. In this study, we
carried out plane strain discrete dislocation analyses of
wedge indentation. The results show that the various
definitions of contact area (or equivalently in plane
strain, contact length) lead to different hardness values
and, in addition, lead to significant variations in the pre-
dicted indentation size effect.
II. DISCRETE DISLOCATION FORMULATION
Here, we analyze the plane strain wedge indentation of
a single crystal. The crystal is taken to be elastically
isotropic with Young’s modulus E and Poisson’s ratio .
It has three slip systems at angles ()  {35.3°, 90.0°,
144.7°} relative to the free top surface, which corre-
sponds to a face-centered cubic (fcc) crystal with the
(110)-plane parallel to the x1–x2 plane of consideration.
Plasticity is a result of the collective motion of edge
dislocations with magnitude b of the Burgers vector. The
displacement discontinuity in between each dislocation
dipole (the 2D equivalent of a dislocation loop) contrib-
utes to what is observed as plastic strain on a larger
length scale; plastic strain increases as the number of
dipoles per unit area and their size increase. The dislo-
cations are treated as line singularities in a linear elastic
continuum with their motion and evolution being gov-
erned by a set of constitutive rules.17
Superposition is used to calculate the stress and defor-
mation state at each stage.18 This method combines the
(∼) field caused by dislocations, calculated analytically
from the linear isotropic elastic dislocation fields, and a
smooth image field (ˆ) that corrects the solutions to sat-
isfy the boundary conditions. The displacements ui,
strains ij, and stresses ij are written as
ui = uˆi + u˜i ,
ij = ˆij + ˜ij ,
ij = ˆij + ˜ij , (1a)
where the (∼) field is the sum of the fields of the indi-



















We use the finite element method to solve a linear elastic
boundary value problem to obtain the image fields.
The indentation computations start with a dislocation-
free crystal having sources and obstacles that are ran-
domly placed on the slip planes. When the resolved shear
stress at a source location is large enough,   nuc, for
a sufficiently long time, t  tnuc, a dislocation dipole with
Burgers vector ±b is nucleated separated by a distance
Lnuc. This mimics the Frank–Read mechanism in two
dimensions.
If two dislocations of opposite sign come within a
critical distance Le on a slip plane, they annihilate.
Glide of a dislocation I is controlled by the Peach–
Koehler force, whose component in the slip direction is
calculated as




where mi(I) is the unit normal vector to the slip system con-
taining the dislocation with Burgers vector b(I)j . Assum-
ing drag-controlled glide, the glide velocity is given by
vI = f IB , (3)
where B is the drag coefficient.
When a dislocation meets an obstacle, it is pinned
there and released only when the Peach–Koehler force
exceeds bobs.
III. GEOMETRY
A planar crystal of dimensions 2L1  200 
m by
L2  200 
m is considered symmetric with respect to
the plane x1 0 and is indented by a rigid wedge along
the x2 axis (see Fig. 1). The crystal is taken to be fully
clamped at x2  L2, while the side x1  L1 is kept
traction free.
Plastic deformation takes place inside a process win-
dow l1 × l2  25 
m × 50 
m (Fig. 1) to limit the
computational burden. The size of this window does not
affect the results other than limiting the size of the plastic
zone: the calculation ends when or before a dislocation
reaches the edge of the process window. The Burgers
vector magnitude is taken to have the value b 0.25 nm,
typical for aluminum, and the active slip planes are
spaced 100b apart. With the slip planes at () {35.3°,
90.0°, 144.7°}, the crystal is subject to symmetric slip
(Fig. 2), and only the region x1  0 is analyzed.
The finite element mesh is highly refined near the
indenter tip, to accurately represent the contact region, as
shown in the inset of Fig. 1. For the indenter with wedge
angle  85°, the element size on the surface is 0.5 nm
while for   70°, where the contact length tends to be
smaller, the element length is as small as 0.24 nm, i.e.,
comparable to the size of the Burgers vector.
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IV. DETERMINATION OF CONTACT AREA
In plane strain, the contact area at a certain indentation
depth h is determined by the contact length in the plane
of deformation. The simplest measure of contact length is
the nominal contact length aN, which is the projection of
the indenter on the x1-axis, i.e.,
aN = h tan  .




where Sc is the surface in contact, defined as the portions
of the surface which are in contact with the indenter and
which transmit traction that contributes to the indentation
force (Sc evolves during indentation and is determined
through a contact algorithm that will be described sub-
sequently). We approximate aA by summing all the fi-






where s(i)1 is the projected length on the x1-axis of ith
segment, which is in contact with the indenter. As long as
the surface in contact is smooth, aA is identical to the
end-to-end contact length, which is the distance between
the farthest node in contact with the indenter and x2-axis.
When the surface is rough, the end-to-end contact length
aE exceeds the actual contact length aA. The difference
between the two is illustrated in Fig. 3. The ratio aE/aA
serves as a simple measure of roughness, with values of
this ratio being larger than unity for a rough contact
surface.
We also consider the estimate of contact length, pro-
posed by Oliver and Pharr,15 that is widely used in ex-
periments. The Oliver–Pharr method uses an unloading
procedure with the assumption that the initial unloading
response is elastic and the sink-in of the material can be
modeled as elastic indentation of a substrate by a rigid
FIG. 2. Schematic diagram with boundary conditions of the micro-
scopic model in the process window (Fig. 1) at indentation depth h.
The sink-in depth is hS. Dislocations, Frank–Read sources, and dislo-
cation obstacles are living on slip planes in the process window.
FIG. 1. Schematic diagram of the model. Planar symmetric single crystal indented with wedge indenter at a depth h. The tip angle of the wedge
indenter is 2. The total area of the crystal is 16 times larger than the process window. The finite element mesh (see the zoomed area) is highly
refined near the tip.
FIG. 3. Illustration of the determination of the actual contact length aA
for an indenter in contact with a rough surface. For comparison, the
end-to-end contact length aE is also indicated. The dimensions are not
necessarily to scale for illustrative purposes.
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indenter having a simple geometry. The procedure in-
volves calculating the unloading stiffness
S: dF/dh|FFmax ,





where  depends on the geometry of the indenter. Fi-
nally, by geometry, the contact length aS at the indenta-
tion force Fmax is estimated as
aS = h − hStan  . (7)
In three dimensions, the Oliver–Pharr method is based
on the scaling relation S  E √A for self-similar inden-
tation, where A is the contact area. In two dimensions
such a direct, simple relationship between S and the con-
tact area does not exist. Instead, for a finite-sized block,
the elastic compliance depends on its dimensions and the
boundary conditions so that S  gE, where g is a nondi-
mensional function of contact area (or indentation depth)
and block size. However, in both three and two dimen-
sions, the contact stiffness S is assumed to be propor-
tional with Young’s modulus E. Moreover, Eq. (6) is
based on the assumption that sink-in is elastic; the issue
here is if and how possible plastic deformation during
unloading affects this relation.
For application of the Oliver–Pharr approach in our
discrete dislocation simulations, we first calculate the
unloading stiffness S as a function of depth h from an
elastic loading–unloading indentation curve. Because
elastic indentation is reversible, unloading and loading
curves are identical for a given indenter. We choose the
following expression to fit the elastic indentation force F
as a function of indentation depth h:
Fh = C1h + C2h32 + C3h2 + C4h52 . (8)
The fitting parameters Ci for both wedge angles are given
in Table I.
The correlation coefficients differ from the perfect-fit
value 1.0 by only 10−7 and 3 × 10−7 for   70° and
  85°, respectively. The resulting stiffness function
S(h) is obtained by straightforward differentiation of Eq.
(8). The quality of the fit [Eq. (8)] diminishes as h → 0;
to avoid inaccuracies caused by the fitting procedure, we
will therefore not present results for contact lengths less
than h ≈ 5 nm. The variation of S with h is a consequence
of the non-self-similarity of the solution for a finite-sized
crystal, as considered here. Scaling arguments for a half
space show that S for self-similar elastic indentation
would be independent of h, but the half-space solution
suffers from the fact that the displacement contains an
irrecoverable logarithmic singularity.
For flat punches, the geometrical factor  in Eq. (6) is
unity, but for wedges the ratio between computed sink-in
hS and Fmax/S varies from 1.16 at small h to values
between 0.95 and 0.92 for h up to 0.5 
m. There is no
significant difference between the values for   70°
and 85°. As discussed in the Appendix, the value of  is




1 + D3h + D4h2
, (9)
with parameter values Di specified in Table I. To deter-
mine the contact length during discrete dislocation plas-
ticity computations, at any force Fmax, we calculate the
value of the ratio S/ from Eqs. (8) and (9) at the corre-
sponding depth h and calculate aS from Eqs. (6) and (7).
The variation of the unloading stiffness S/ with depth is
included in Fig. 4.
V. BOUNDARY CONDITIONS
Although the computations assume small strains, we
account for the evolving contact area through the fol-
lowing contact algorithm. At each increment in the
TABLE I. (left) Values of the parameters C1 through C4 in the fit of
F(h) for elastic indentation according to Eq. (8) for indenters with two
tip angles. (right) Values of the parameters D1 through D4 in the fit of
(h) for elastic indentation according to Eq. (9) for both wedge angles.
F fit, Eq. (8)   70°   85°  fit, Eq. (9)
C1 (
N 
m−2) 4470 4940 D 1.163
C2 (
N 








m−7/2) 3300 4200 D4 (
m−2) 109.0 FIG. 4. Indentation force F and effective contact stiffness S/ versusdepth h for elastic loading–unloading.
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computation, the current contact region Sc is determined
from the criterion that prevents interpenetration of the
indenter and the crystal. The maximum x1 ∈ Sc deter-
mines the actual contact length aA.
Indentation is imposed by prescribing the displace-
ment rates on the contact surface Sc as
u˙1 = 0, u˙2 = h˙ on Sc , (10)
assuming perfect sticking once the indenter comes in
contact with the crystal. Here, a dot (·) denotes differen-
tiation with respect to time. The other boundary condi-
tions are
u˙1 = 0 on x1 = 0 , (11)
because of symmetry, and
T˙ 1 = T˙ 2 = 0 on x2 = 0 ∉ Sc . (12)
Here, Ti ijnj is the traction on the surface with normal
nj directing outward from the surface. Note that in this
way the boundary conditions near x2  0 change from
being governed by Eq. (12) to Eq. (10) as the material
comes into contact with the indenter. The boundary value
problem analyzed is sketched in Fig. 2.
The indentation force 2F (per unit length perpendicu-
lar to the plane of deformation) is obtained from the




T2 dx . (13)
VI. NUMERICAL RESULTS
All calculations are carried out using Young’s modu-
lus E  70 GPa and Poisson’s ratio   0.33, repre-
sentative of aluminum. We use a source density nuc 
49 
m−2 and an obstacle density obs  99 
m−2 as
adopted in previous dislocation dynamics simula-
tions.14,17 The source strength nuc follows a normal
distribution with a mean value of 50 MPa and stan-
dard deviation of 10 MPa. The nucleation time of sources
tnuc  10 ns. The obstacle strength obs is set to be
150 MPa.
The indentation rate is taken to be high, h 0.1 ms–1,
to limit computing times; the time step t  0.5 ns is
sufficiently small (t  tnuc) that dislocation nucleation
events are not missed out.
The predicted indentation force F versus depth h
curves for the  70° and  85° indenters are shown
in Fig. 5. The force for the   85° indenter is signifi-
cantly greater than that for the   70° indenter once
plastic flow occurs.
The evolution of the four measures of contact length is
shown in Figs. 6 and 7 for the two wedge angles con-
sidered. To determine aS, we use the geometrical relation
in Eq. (7) with the sink-in depth hS obtained from Eq. (6).
For both wedge angles, we use the value  hS/(Fmax/S)
calculated for elastic indentation.
The difference between the nominal contact length aN
and the Oliver–Pharr estimate aS is due only to sink-in,
while the difference between aS and the end-to-end con-
tact length aE is due to the fact that plastic slip caused by
dislocation motion affects sink-in (and is neglected in the
calculation of aS) and that unloading is not purely elastic
as assumed in Eqs. (6) and (7).14 The difference between
FIG. 5. Indentation force F versus depth h of discrete dislocation
indentation calculation for two values of the half-angle of the wedge
indenter.
FIG. 6. Evolution of the four contact length measures (aN, the nominal
contact area; aS, the Oliver–Pharr estimate; aE, the end-to-end contact
area; and aA the actual contact area) versus depth h for wedge indent-
ers with   70°.
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the end-to-end contact length aE and the actual contact
length aA is due to the evolving surface roughness. In the
  70° calculation, when the contact length is small,
but after plastic flow has occurred, the difference be-
tween aE and aS is relatively large because the sink-in is
dominated by plasticity; the surface remains smooth up
to depths of around 0.3 
m where aE  aA. For the
shallower indenter,  85°, where the contact length is
larger, the end-to-end length agrees reasonably well with
the contact length aS over the entire range of indentation
depths.14 However, the true contact length, accounting
for roughness, aA is about 50% smaller.






We denote the hardnesses calculated from contact
lengths aA, aE, aS, and aN by HA, HE, HS, and HN,
respectively.
As seen in Figs. 6 and 7, before the onset of plasticity,
the values of aA, aE, and aS are identical or very close,
but significantly less than aN because of elastic sink-in.
As a consequence, in the elastic range HN is smaller than
HS, and HA HE. After plasticity has started, the hard-
ness versus indentation depth curves based on the various
contact length measures are rather different, with the
hardness values HA and HE being greater than HS and
HN. This is seen in particular in Fig. 8 for   70°.
However, as indentation proceeds and more jumps in
contact length occur (Fig. 7), the values of HA and HE
decrease and become closer to the values of HS and HN,
in particular for   85° (Fig. 9). For this shallow in-
denter, the indentation size effect is significant, while for
the   70° indenter, neither HA and HE exhibit a size
effect for indentation depths less than about 0.25 
m.
VII. SURFACE ROUGHNESS
The discreteness of dislocation plasticity produces
jumps in displacement at the surface. Individual disloca-
tions exiting a crystal induce displacement jumps of a
FIG. 7. Evolution of the four contact length measures (aN, the nominal
contact area; aS, the Oliver–Pharr estimate; aE, the end-to-end contact
area; and aA the actual contact area) versus depth h for wedge indent-
ers with   85°.
FIG. 8. Hardness versus depth for indenters with   70°. The vari-
ous measures with subscripts A, E, S, or N are based on the corre-
sponding contact length measures shown in Fig. 6.
FIG. 9. Various hardness measures versus depth for   85°.
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magnitude equal to the length of the Burgers vector.
However, the motion of many dislocations often gives
rise to one or more shear bands. When a shear band
extends to the surface, it causes a significant step in the
surface profile, leading to significant roughness.
Although in the calculations here, the initial surface is
flat, surface roughening causes jumps in contact length,
which is what gives the difference between the actual
contact length aA and the end-to-end length aE, as sche-
matically shown in Fig. 3. To illustrate this further, the
profile of the indented surfaces is shown in the insets of
Figs. 10 and 11. Here, the jumps in contact length in Figs.
6 and 7 are due to the roughness of the indented surface,
and the large steps at the surface are caused by shear
bands. The contact with the   85° indenter is seen to
be relatively smoother since there is a lower density of
shear bands, consistent with the relatively small differ-
ence between aA and aE compared to that for the indenter
with   70° (compare Figs. 7 and 6).





| | , (15)





Here s()i and m()j are the slip system tangential and
normal unit vector of slip system , respectively. The
strains ij are computed as
ij =
1
2uixj + ujxi , (17)
from the finite element interpolated displacements ui.
This procedure smears out the intrinsic dislocation dis-
continuities over single elements, but since the elements
near the contact region are as small 2b, the resolution is
still quite high. Figures 10 and 11 show that the plastic
zone for  85° is substantially larger than that for 
70° at the same indentation depth.
VIII. DISCUSSION
The value obtained for the indentation hardness is very
sensitive to the definition of contact length. In the dis-
crete dislocation computations here, the Oliver–Pharr es-
timate of contact length aS obtained from the unloading
stiffness using the Oliver–Pharr procedure overestimates
the contact length in the small indentation depth regime
and thus underestimates the hardness HS and the inden-
tation size effect. The difference between aE and aS
arises from the assumption that sink-in of the surface is
caused by elastic deformation, while in the discrete dis-
location calculations sink-in of the surface is not only
caused by elastic deformation but also by plasticity.14
This is most clearly seen for the indenter with  70°,
which is a tip angle that is similar to that of a Berkovich
indenter used experimentally. In fact, for this tip angle,
HE and HA do not exhibit an indentation size effect until
depths of around 0.3 
m, whereas on the basis of the
Oliver–Pharr measure HS, one would infer that there is a
size effect in this regime.
FIG. 10. Total slip  distribution and surface profile under a wedge
with  70° at h 0.4 
m. Distances are in micrometers. The inset
shows a zoom of the near-contact region, with the current value of aE
indicated.
FIG. 11. Total slip  distribution and surface profile of wedge  
85° discrete dislocation indentation calculation at depth h  0.4 
m.
Distances are in micrometers. The inset shows a zoom of the near-
contact region, with the current value of aE indicated.
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The analyses here are 2D plane strain analyses, and
there are several important differences between 2D and
3D indentation. First, we expect that the roughening in
our 2D calculations is an overestimate since: (i) the Burg-
ers vector always lies in the same (x1–x2) plane as the
normal to the indenter, and (ii) the displacement jump
extends across the entire width (normal to the x1–x2
plane) of the indenter side. With more slip systems avail-
able in 3D and dislocations beneath the indenter being
curved,10 it is expected that the normal component of
displacement jump per unit area of indenter surface will
be smaller. Hence, it is likely that actual contact area in
3D indentation and the outer envelop of all contact
patches (the equivalent of the end-to-end contact length)
may not be as different as the actual and the end-to-end
contact length are in 2D. Another potentially important
issue is that the scaling with contact stiffness is signifi-
cantly different between 2D and 3D. While S scales with
E√h for self-similar indenters in 3D,15 the contact stiff-
ness in 2D is independent of h (apart from non-self-
similar effects). This suggests the possibility that the
Oliver–Pharr estimation technique may be more accurate
in 3D than it is in 2D.
IX. CONCLUSION
We have performed plane strain indentation calcula-
tions of a single crystal with three slip systems, using
rigid indenters with wedge half-angles of   70° and
85°. Small strain calculations were carried out, but the
contact length is determined in the deformed surface of
the material. The crystal has a distribution of sources and
obstacles on the slip planes but is initially dislocation
free. The predicted hardness decreases with increasing
indentation depth, and this size effect is stronger for 
85° than for   70°.
The shear bands that extend to the material surface
cause the development of surface roughness as indenta-
tion progresses. The surface roughness yields jumps in
contact, and therefore to a difference between actual con-
tact length aA and end-to-end contact length aE. The
estimated contact length aS based on the Oliver–Pharr15
technique differs from the end-to-end contact length aE
due to the assumption that the sink-in is due only to
elastic deformation, which is not the case in the discrete
dislocation calculations.
The value of the computed hardness is strongly depen-
dent on the contact area definition. In general, the hard-
ness based on the nominal contact area is smallest while
actual rough contact area leads to the highest hardness.
The variations in the estimated hardness depending on
the definitions of the contact area are substantial at small
depths, but the difference diminishes with increasing in-
dentation depth. For the shallow indenters with  85°,
all definitions lead to the usual size effect, but for  
70°, the usual size effect is not observed up to indentation
displacements of many hundred nanometers when the
hardness is based on the actual contact length.
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APPENDIX
The shape factor  in the Oliver–Pharr relation (6) for
contact stiffness is determined for wedge indenters from
a purely elastic indentation calculation for the block in
Fig. 1 having the same dimensions and boundary condi-
tions as those used in the discrete dislocation plasticity
analyses. At any h, the elastic sink-in depth hS is com-
puted from the predicted end-to-end contact length aE as
hS = h − aE cot  .
With F and the corresponding S dF/dh obtained from




The resulting (h), shown in Fig. A1, is essentially the
same for   70° and   85°. The sawtooth-like
behavior of  is caused by the discrete steps in aE due to




1 + D3h + D4h2
,
to the average value of  of  70° and  85°. The
fitting parameters D1 through D4, with correlation coef-
ficient r2  0.891, are given in Table I, and the fit is
shown in Fig. A1.
FIG A1. Shape factor  versus depth h of elastic wedge indentation
and its fit.
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